TORSION POINTS OF ABELIAN VARIETIES IN ABELIAN 

EXTENSIONS 

WOLFGANG M. RUPPERT 



Abstract. We show that if A is an abelian variety defined over a number 
field K then A tors(^~ a k) is finite iff A has no abelian subvariety with complex 
multiplication over K. We apply this to give another proof for Ribet's result 
that A toIS (K c y cl ) is finite. 



1. Introduction 

For a field K let K denote the algebraic closure of K, K ah the maximal abelian 
extension of K and K cycl the field obtained by adjoining all roots of unity to K. 
Then K C K c * cl C K ab C K. 

Let A be an abelian variety defined over a number field K and let At ma denote 
the torsion subgroup of A. The Mordell-Weil theorem shows that A tovs {K) is finite. 
Ribet [R] has shown that A t ors(^ cycl ) is finite. Our aim is to prove the following 
theorem: 

Theorem. Let A be an abelian variety defined over a number field K such that A 
is K-simple. Then A tms (K ah ) is infinite if and only if A has complex multiplication 
over K . In this case A tors (K) = yl t0 rs(^ ab )- 

We say that an abelian variety A has complex multiplication over K if Endi<-(A)<g>z 
Q is a number field of degree 2 dim A over Q. An easy consequence of the theorem 
is the following corollary: 

Corollary 1. Let A be an abelian variety defined over a number field K . Then 
A t0 rs(^ ab ) is finite if and only if A has no abelian subvariety with complex multi- 
plication over K . 

From the theorem we will also deduce another proof of Ribet's result: 

Corollary 2. Let A be an abelian variety defined over a number field K . Then 
Aors(^ cycl ) is finite. 

The proof of the theorem makes essential use Faltings' finiteness theorems for 
abelian varieties over number fields. 

2. Preparations 

Our first lemma is purely algebraic. 

Lemma 1. Let V be a finite dimensional vector space over a field k. Let R, S C 
Endfc(V) be k-subalgebras. Let U C V be a k-subspace such that U ^ 0. We make 
the following assumptions: 
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• R is a semisimple k-algebra. 

• V is a free R-module. 

• V is a semisimple S-module. 

• R = Ends(V), i.e. R is the commutant of S in Endfc(V). 

• RU CU and SU C U. 

• The image of the (natural) ring homomorphism S — ► Endfc(J7) is commuta- 
tive. 

Then there is a ring homomorphism R^ k ( where k is the algebraic closure of k) 
and dinife R = dimfc V. 

Proof. We first prove the lemma in the case that R is a simple fc-algebra. 
As V is a semisimple S-module there is a fc-subspace W C V such that SW C W 
and V = {/ © W. Define a e End fe (V) by a|[/ = 0^ and a\ w — l w . Then a 
commutes with all elements of S and therefore a € R. As U is i?-invariant we get 
by restriction a ring homomorphism R Endfc([/). As R is simple and ^j(a) = 
we get a = and therefore W = such that U = V. This shows that S itself is 
commutative. As R = Ends(V) we get SCR. As R is simple, S is the commutant 
of R in Endfe(y) (by the density theorem [B, p. 39]) and the formula in [B, Theoreme 
2, p. 11 2] gives then 

dimfc R ■ dimfc S = (dim^ V) 2 . 

The fact that V is a free i?-module gives dim fc R < dim fe V and SCR gives 
dimfe S < dimfe R. Therefore 

dim fe R ■ dimfe S < (dim fe R) 2 < (dim fc V) 2 = dim fe J? • dimfe S. 

This shows dim fc R = dimfe 5 = dim fe V and S = R. Then i? is commutative and 
therefore a field. As R C Endfc(V) clearly i? is algebraic over fc such that we have 
an embedding R — > fc. This proves the lemma in case i? is a simple fc-algebra. 
Now we consider the general case. 

As R is a semisimple fc-algebra there are idempotents si, . . . ,e r <E R such that 
e 2 = Si, EiEj = for i ^ j, 1 = e\ + ■ ■ ■ + e r and R4 = EiR = Rei is a simple 
fc-algebra. We have R = R\ © • • • © R r . ei is the unit element in R4 . If we write 
Vi = EiV we get the decomposition V = V\® • • • ®V r . V% is a i?i-module. We also 
have Si\vi = lvi- If f = fi + • • • + v r € F with e V t then = SiV. This implies 

K = {v e y : = • • • = Si-iv = Ei+\v = ■ ■ ■ = e r v = 0}. 
By assumption V is a free i?-modulc: V ~ i? © • • • ® R — R e . Then 

V ~ (i?i © • • • © .R r ) © • • • © (-Ri © • • • © Rr) 
and therefore Vi ~ J?| such that Vi is also a free i?i-module and 

dimfe Vj _ _ dimfc V 
dimfc i?i dimfc R ' 

As S 1 commutes with R we see by the above expression for Vi that SVi C Vi. Let 
Si be the image of S — > Endfc(V^). Then S = Si © • • • © S r and S l = £jS. We have 
Ri,Si C Endfc(Vi). It is easy to see that 

#i=End Si (Vi). 

As V is a semisimple S-module, Vi is a semisimple S-module and therefore a 
semisimple Si-module. Define Ui — SiU . Then Ui C Vi satisfies iijC/, C Hi 
and Si£/i C Ui. It is clear that the image of the induced ring homomorphism 
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Si — > Endfe(C/i) is also commutative. As U = U\ © • • • © U r and U ^ there is an 
index i such that Ui ^ 0. Now we can apply the first part of the proof and get 
dimfe Ri = dimfc Vi and a ring homomorphism Ri — > k which gives by the above 
formulas dim^ R = dim^ V and a ring homomorphism R — > i?i — > fc. ■ 

We prove the following lemma for lack of a reference. 

Lemma 2. Let A be an abelian variety of dimension n defined over C. Let O C 
End(A) 6e a rm<? o/ endomorphisms of rank d over Z such that D = O ®z Q is a 
division algebra over Q. T/ien we /icwe; 

1. A[p] is a /ree O <8>z Z / (p) -module of rank ^j- if p is sufficiently large. 

2. V P (A) is a free D ®q Q p -module of rank ^2 /or a// p. 

Proof. There is a lattice A C C™ such that analytically A ~ C"/A. The p £ -torsion 
points are then A[p £ ] = ^A/A and T p (^4) = lim^_ ^A/A with the transition maps 

■^A/A ^- tVtA/A. Each a e O is given by a matrix M(a) G M„(C) such that 
M(a)A C A. This gives A the structure of an O-module. Therefore A(g>z Q is a £>- 
vector space. By comparing dimensions over Q we see that A (g>z Q has dimension 
2s. over D. In particular d\2n. Let ei, . . . , e r G A (with r = ^p) be a D-basis of 
A ®z Q Let ai, . . . , a d be a basis of O over Z. Then a^j, l<i<d,l<j<r 
form a Q-basis of A <g> Q. This implies that the Z-module generated by a^ej, 
1 < i < d, 1 < j < r, has finite index N in A. The vectors caej e A®Q are linearly 
independent over Q. 

1. We look at A\p] ~ -A/ A. This is a <g) Z/(p)-module. Let /j the the image of 
i ej in A[p] = ±A/A. " 

Claim: fi, . . . , f r are a basis of A[p] over <g>z Z/ (p) if p is prime to A. 
Suppose that we have f3j G such that Y^j=iPjfj = in A[p]. We write f3j — 
J2i m lj a i . Then we get 

mijCti-ej G A. 

Every element of A A is a linear combination of ct^e, so that we find mj G Z with 

N^^niijai-ej = ^2 n ij a i e j 

which implies Nrriij — priij. As p is by assumption prime to N we can write 
rriij = prhij with G Z and therefore 

z i 

so that the image of f3j in (g> Z/(p) is 0. This proves 

(0 ® Z/(p))/j © • • • © (0 ® Z/(p))/ r C 

Comparing dimensions over Z/(p) shows that we have equality which proves the 
claim and the first part of the lemma. 

2. Now we investigate T p (A). Define 

ej = {\^h ie,-, . . . ) G T P (A) C V p (A). 
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Claim: a basis of V P (A) over I? ®q Q p . 

Suppose that we have f3j € D ® Q p such that 



/?iei H h /3,-e r = 

in V P (A). Then there are G Q p such that 



By multiplication with a p-power we can achieve that all e Z p and that not all 
fhij are divisible by p. We have now 



Take I e N with p e > N and choose to^ <G Z with = m i3 mod Then 



This implies Nm-ij — p riij and with jr > N we get = mod p, contradicting 
our assumption. Therefore 

(D <g> Q p )ei 8 • • • {D <g> Q p )e r C 

Comparing dimensions over Q p gives equality and the claim follows. This proves 
the second part of the lemma. ■ 

Lemma 3. Let D be a noncommutative division algebra of finite dimension over 
Q and O an order in D. Then: 

1. There is no ring homomorphism D ®q Q p — > k where k is a field (p is 
arbitrary). 

2. Ifp is sufficiently large there is no ring homomorphism 0®zZ/(p) — > k where 
k is a field. 

Proof. 1. A ring homomorphism D ®q Q p — > fc would give a homomorphism 
D — > I? ®q Q p — > fc and as I? is a division algebra an embedding D ^> k, which 
contracts the assumption that D is noncommutative. 

2. Let o C be the ideal generated by all elements of the form xy — yx, x,y e 0. 
As is noncommutative we have a ^ and a has finite index in 0, i.e. there is 
a N e Z, N > 1 such that NO C a. Suppose that we have a ring homomorphism 
® Z/(p) — > k where k is a field. Then k has characteristic p. Let y> : — ► 
<g> Z/(p) -> fc. Then <p(o) = and as N ■ l c e a we get 

= yj(JV ■ lo) = JV ■ l fc 

so that p|iV. This shows that for all p with p > N the claim is true. ■ 




Therefore we find n i7 e Z with 
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3. Proof of the Theorem 

Let A be an abelian variety denned over a number field K which is AT-simplc, 
i.e. Endi<-(A) ®z Q is a finite dimensional division algebra over Q. Assume first 
that Ators(-ft~ ab ) is infinite. There are two possible cases: 

• There are infinitely many p such that yl[p](AT ab ) 7^ 0. 

• There is a p such that (Jg>iA[p e ](K ah ) is infinite. 

We consider the cases separately and deduce in each case that A has complex 
multiplication over K . 

Case I: We assume that there are infinitely many p with A[p\(K ah ) ^ 0. Write 
V = A[p] and k = Z/(p). Then V is a fc-vector space of dimension 2n. Let 
R = End^(A) ®z Z/(p). Then dim^ R — d. We take p large enough such that 
R can be considered as a fc-subalgebra of Endfc(F), that V is a free R- module 
of rank ^ by Lemma 2 and furthermore that R is a semisimple fc-algebra. Let 
G be the image of G K — > Aut(A[p]) and write S 1 = k[G] C Endfc(V). Taking 
again p large enough we know by [F, Remarks at the beginning of the proof, p. 211] 
that V is a semisimple S'-module and R = Ends(V). Define U = A[p](AT ab ). 
Then U is _R- and ^-invariant and the image of S — > Endfe(J7) is commutative. 
By our assumption there are infinitely many (large enough in the above sense) p 
with U 7^ 0. By Lemma 1 we get dim^ i? = dim^ V, i.e. d — 2n and a ring 
homomorphism Endif(A) £g> F p — > F p for infinitely many p. By Lemma 3 this 
implies that End_R-(A) is commutative and therefore a field. This means that A has 
complex multiplication over K. 

Case II: We assume that Ue>iA{p l ](K ah ) is infinite. Write k = Q p and V = 
V P (A) = T p {A)®i p Q p . Define R — Endif(.4)cg)zQp and consider it as fc-subalgebra 
of Endfc(V). By Lemma 2 V is a free i?-module of rank ^p. Let G be the image 
of G K in Aut(V) and S = k[G] C End fc (y). By [F, Theorem 1, p.211] we know 
that V is a semisimple S'-module and R is the commutant of S in Endfc(V). T P (A) 
consists of sequences {Pg) such that Pg £ A\p e ] and p • Pg+i = Pg. Define 

U' = {(Pg)g>! G T p (A) : F(P,) C F ab for all t > 1} 

and U = QpU' . Then [/ is a Q p -vector space and RU C f/, SJ7 C [/ and the 
image of S — ► EndQ p (£7) is abelian. It is easy to see that our assumption implies 
that U 7^ 0. Lemma 1 gives now dim*; R = dim/c V, i.e. d = 2n, and a ring 
homomorphism EndK(A) (g> Q p — > Q p . By Lemma 3 End_ff(j4) <g) Q is a field. This 
means that A has complex multiplication over K. 

Suppose now that A has complex multiplication over K, i.e. F — Endx(A)<8>z Q 
is a number field of degree 2 dim A over Q. Let p be any prime. By Lemma 2 
V P (A) is isomorphic to F ®q Q p , i.e. there is a v e V P (A) such that V P (A) = 
(End K (A) <g> Q p )v ~ End^A) <8> Q p . Let G be the image of Gjf — ► Aut(V^,(A)). 
As G is compatible with endomorphisms G is determined by its operation on v so 
that we get an injection 

G ^ (End K (A) ® Q p )* ~ (F <g> Q p )* 

which implies that G is abelian. Therefore K(Ug>iA[p e ]) C AT ab . As this holds for 
all primes we get A t0 rs(K) = A t ors(AT ab ) as claimed in the theorem. 
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4. Proof of Corollary 1 

Let A be an abelian variety defined over a number field if. 

If A has an abelian subvariety B with complex multiplication over if then 
A tors (K ah ) 2 B tors (K ah ) which is infinite by the theorem. 

Suppose now that A t0 rs (-K" ab ) is infinite. A is if-isogenous to a product A\ x 
• ■ ■ x A r of abelian varieties which are defined over if and if-simple. Then there is 
index i such that (^4i) t0 rs(-^ ab ) is infinite. Therefore Ai has complex multiplication 
over if by the theorem. The image of the map A t — > A\ x • • • x A r — > A is then 
an abelian subvariety of A which has complex multiplication over if. This proves 
Corollary 1. 



5. Proof of Corollary 2 

Let A be an abelian variety defined over a number field if. We want to show that 
A tors (if cycl ) is finite. As A is isogenous to a product of if-simple abelian varieties 
we can restrict us to the case that A is if -simple, i.e. EndxiA) (g>z Q is a finite 
dimensional division algebra over Q. If A has no complex multiplication over if 
then ^ tors (if ab ) is finite (by our theorem) and so is yl t ors(if cycl ) Q A tms {K cycl ). 
Therefore it remains to consider the case that A has complex multiplication over 
if. If necessary we can enlarge the field if or change to a if -isogenous abelian 
variety. 

As the argument is very explicit for elliptic curves we start with them. For 
abelian varieties we can argue in a similar way by using a theorem of Shimura. 

5.1. Elliptic curves. Let E be an elliptic curve defined over a number field if 
such that Endif(E') D Z[\fd\ for some d < 0. We can enlarge if such that if is 
Galois over Q and E is isogenous to C/Z[Vd] over if. Therefore we can assume 
that E ~ C/Z[Vd). Then j = j(E) can be calculated with q = e 2m ^ = e - 27T Vw 
and <7 fe (n) = Ed|„ rffc as 



1728 92 



where 



A 00 8 448 00 

g 2 = + 3 207T 4 53 = ^ - ^ ]T a 5 (n)<f 



27 

n— 1 n— 1 

This implies j € R. We have Q(j, y/d) C if. Let if + be the real subfield of if . Then 
j e if + and E is defined over if + . But as Vd £ if+ we get EndK + (E) = Z and 
therefore _E t0 rs(-?f+ b ) is finite by our theorem. As if = K + (\/d) we have K cycl = 
K + (Vd,(t.J- S N) C if ab (where (£ = e 2T ^ £ ) which shows that E tOTS (K °y cl ) is 
finite. 

5.2. Abelian varieties. Let A be a if -simple abelian variety with complex mul- 
tiplication defined over a number field if, in particular dimz End^(A) = 2 dim A. 
By enlarging if and using an isogenous abelian variety we can achieve the following 
situation according to a theorem of Shimura [L, p. 142, Theorem 6.1]: A is defined 
over a number field if which is Galois over Q; if + = if (~l R has index 2 in if; the 
abelian variety A is already defined over if + and dimz End_R- + (A) < 2 dim A. This 
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implies by our theorem that ^4-tors 

(Kf) is finite. But as before we have if cycl C Kf 
and the finiteness of A t0 rs(^ cycl ) follows. 
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